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Abstract
A connected Hausdorff space Y is called a connectification of a space X if X can be densely
embedded in Y . This paper is a contribution to the problem of finding those spaces which have a
locally connected connectification. The results obtained imply a positive answer to the following
questions of Alas, Tkacˇenko, Tkachuk and Wilson:
(i) Does the Sorgenfrey line have a locally connected connectification with countable remainder?
(ii) LetX be a countable Hausdorff space without isolated points. DoesX have a locally connected
connectification? Ó 1999 Elsevier Science B.V. All rights reserved.
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A space X which can be densely embedded in a connected Hausdorff space Y is said to
be connectifiable and Y is said to be a connectification of X. If Y is a connectification of
X and |Y \X|6 ω, then Y is said to be an ω-connectification (or a connectification with
countable remainder) of X.
Several papers have been devoted to connectifiable and ω-connectifiable spaces (for
example, [1,5,6]) and, to our knowledge, the paper [2] is the only one in which the problem
of finding locally connected connectification is touched upon.
In this paper we will give some sufficient conditions for a space to be densely
embeddable in a connected locally connected Hausdorff space.
Recall that a Hausdorff space X is H-closed if every open cover of X has a finite
subfamily whose union is dense. Moreover a space X is said to be feebly compact if every
countable open cover has a finite subfamily whose union is dense.
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A family B of nonempty open subsets of a space X is said to be a pi -base for X if every
nonempty open subset of X contains a member of B. The least cardinality of a pi -base for
a space X, denoted by piw(X), is called the pi -weight of X.
We refer the reader to [3] for notations and terminology not explicitly given.
Our first result gives some sufficient conditions for a space to have a locally connected
ω-connectification.
Theorem 1. If X is a T2-space with a countable pi -base and such that the closure of every
nonempty open subset is not H-closed, then X has a locally connected ω-connectification.
Proof. Let τ be the topology on X and let B = {Bn: n ∈N} be a pi -base for X.
Let {λi : i ∈N} be an enumeration of N2 and put λi = (ni ,mi). For every i ∈N choose
a free open ultrafilter Fi on X containing Bni so that Fi 6= Fj whenever i 6= j . In fact,
let us suppose to have chosen F1, . . . ,Fi−1 satisfying the above property and take a point
x ∈ Bni . Since these filters are free, there are an open neighbourhoodU of x and Fj ∈Fj ,
j ∈ {1, . . . , i − 1}, so that ⋃{Fj : 16 j 6 i − 1} ∩U = ∅.
Since U is not H-closed, there is a free open ultrafilter Fi on X containing U . Clearly
Fi 6=Fj for every j ∈ {1, . . . , n}.
For each i ∈ N , let i∗ be the natural number such that λi∗ = (mi, ni) and let pi be the
following free open filter: {A∪B: A ∈Fi , B ∈Fi∗}.
Let S = {i ∈N : ni < mi} and set Z =X ∪ S (we assume that X and S are disjoint). Let
G∗ =G ∪ {i ∈ S: G ∈ pi} for every G ∈ τ . We topologize Z by letting B = {G∗: G ∈ τ }
be a base for Z. Clearly X is a dense subspace of Z and |Z \X| = ω.
It remains to show that Z is a T2-space which is connected and locally connected.
To prove that Z is connected and locally connected it is enough to verify that G∗ is
connected for every G ∈ τ .
Let us suppose that H and K are disjoint nonempty open subsets of G∗ (and hence
of Z) such that G∗ = H ∪ K . Set A = H ∩ X, B = K ∩ X and observe that H ⊂ A∗
and K ⊂ B∗. In fact, if h ∈ H , then there is an U ∈ τ such that h ∈ U∗ ⊂ H . Therefore
U∗ ⊂ A∗ (U = U∗ ∩X ⊂ H ∩ X = A) and h ∈ A∗. So G∗ = H ∪K ⊂ A∗ ∪ B∗ ⊂ G∗.
ThereforeG∗ =A∗ ∪B∗.
Now let i ∈ N such that Bni ⊂ A and Bmi ⊂ B . We may assume i ∈ S. Clearly
A ∪ B ∈ pi . Therefore i ∈ (A ∪ B)∗ = G∗. We reach a contradiction if we show that
i /∈A∗∪B∗. If i ∈A∗, thenA ∈ pi . So there are F ∈Fi and F ′ ∈Fi∗ such thatA= F ∪F ′.
Hence B,F ′ ∈ Fi∗ with B ∩ F ′ = ∅, a contradiction. Therefore i /∈ A∗ and, similarly
i /∈ B∗.
Now it remains to show that Z is a Hausdorff space.
Let x , y be two distinct points of Z.
(i) x, y ∈ X. Let A,B ∈ τ such that x ∈ A, y ∈ B and A ∩ B = ∅. It is enough to
observe that A∗ and B∗ are two disjoint open subsets of Z such that x ∈ A∗ and
y ∈ B∗.
(ii) x ∈X, y = i ∈ S. Since pi is free, there are A ∈ τ and B ∈ pi such that x ∈A and
A∩B = ∅. Therefore x ∈A∗, y ∈B∗ and A∗ ∩B∗ = ∅.
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(iii) x = i , y = j ∈ S. There are A1 ∈ Fi , A2 ∈ Fi∗ , A3 ∈ Fj and A4 ∈ Fj∗ such
that {A1,A2,A3,A4} is cellular. Therefore (A1 ∪ A2) ∩ (A3 ∪ A4) = ∅. Since
A1 ∪ A2 ∈ pi and A3 ∪ A4 ∈ pj , it follows that (A1 ∪ A2)∗ and (A3 ∪ A4)∗ are
disjoint open subsets of Z containing x and y , respectively.
Therefore Z is Hausdorff and the proof is complete. 2
Corollary 2. The Sorgenfrey line has a locally connected ω-connectification.
Since every nonempty countable Hausdorff space without isolated points is not H-closed
[4, Theorem 5.2], we have the following
Corollary 3. Every countable T2-space with countable pi -weight and no isolated points
has a locally connected ω-connectification.
Theorem 4. Let X be a T2-space such that piw(X)6 2c and every nonempty open subset
has nonfeebly-compact closure. Then X has a locally connected connectification.
Proof. Let τ be the topology onX and let B = {Bα : α < λ} be a pi -base forX with λ6 2c.
Let {ηα : α ∈ λ} be an enumeration of λ2 and put ηα = (nα,mα). For every α ∈ λ choose
a free open ultrafilter Fα on X such that Bnα ∈ Fα and Fα 6= Fα′ whenever α 6= α′. This
can be done by induction. In fact let 0 < β < α and suppose to have constructed Fβ ,
for each β < α, satisfying the above conditions. Since the closure of Bnα is not feebly-
compact, it follows that Bnα is an element of 2c free open ultrafilters onX [6, Lemma 3.4].
Now let Fα be one of these ultrafilters which is different from Fβ for every β < α.
For every α ∈ λ let α∗ be the ordinal in λ such that ηα∗ = (mα,nα) and let pα be the
following free open filter: {A∪B: A ∈Fα , B ∈Fα∗}.
Let S = {α ∈ λ: nα <mα} and set Z =X∪S (we assume thatX and S are disjoint). Let
G∗ =G∪ {α ∈ S: G ∈ pα} for everyG ∈ τ . We topologize Z by letting B = {G∗: G ∈ τ }
be a base for Z. Now the proof that Z is a locally connected connectification ofX proceeds
as in Theorem 1. 2
Since every nonempty countable Hausdorff space without isolated points is not feebly
compact, we have the following
Corollary 5. Every countable T2-space without isolated points has a locally connected
connectification.
Remark 6. Corollaries 2 and 5 give an affirmative answer to Problems 5.15 and 5.4 in [2].
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